Abstract. Let k be a field and Q a connected quiver. In this note it is proved that the category of finite dimensional representations of Q over k has almost split sequences if and only if Q either is without oriented cycles or consists of a single oriented cycle.
Introduction
The aim of this note is to prove the following result.
Theorem 1. Let Q be a connected finite quiver, k a field and fd(Q, k) the category of finite dimensional representations of Q over k. Then fd(Q, k) has almost split sequences if and only if one of the following two conditions is satisfied:
(i) Q contains no oriented cycles or (ii) Q is A n for some n with cyclic orientation.
Let C be an abelian Krull-Schmidt-category, i.e. the indecomposable objects in C have local endomorphism rings and each object in C can be decomposed as a finite direct sum of indecomposables, and then in a unique way up to isomorphism by the Krull-Schmidt theorem.
The category C is said to have right almost split morphisms if for each indecomposable object X in C, there is a morphism f : Y → X in C such that the cokernel, Coker( , f), of the natural morphism Hom C ( , f) as a functor on C takes the value 0 for all indecomposable objects Y not isomorphic to X and the value Hom C (X , X)/rad(X , X) for the indecomposable objects X isomorphic to X. Here rad(X , X) is the set of nonisomorphisms from X to X which is a subgroup of Hom(X , X) since the endomorphism ring of X is local. The morphisms are sent to their residues. A morphism f : Y → X satisfying the above property is called a right almost split morphism in C.
Dually, C is said to have left almost split morphisms if for each indecomposable object X in C, there is a morphism f : X → Y in C such that the cokernel, Coker(f, ), of the natural morphism Hom C (f, ) satisfies the same condition as above. That is, Coker(f, ) applied to an indecomposable object Y in C is Hom(X, Y )/rad(X, Y ) where rad(X, Y ) is the subgroup of nonisomorphisms from X to Y . A morphism f : X → Y satisfying the above property is called a left almost split morphism in C. For background on the representation theory of artin algebras including finite dimensional algebras, and on the theory of representations of quivers, the reader is referred to the book [ARS] .
A celebrated result of Auslander and Reiten is the following theorem (see [ARS] ).
Theorem 2. If Λ is an artin algebra, then the category of finitely generated left Λ-modules has both left and right almost split morphisms as well as almost split sequences.

Proof
Now to the proof of the result of this note. Let us start by giving the arguments that if (i) or (ii) is satisfied, then fd(Q, k) has almost split sequences.
If (i) is satisfied, then fd(Q, k) is equivalent to the category of finitely generated left kQ-modules where kQ is the path algebra of Q over k, which is then a finite dimensional hereditary algebra. Hence the theorem of Auslander and Reiten gives the existence of almost split sequences. Therefore we only have to consider the situation described in (ii).
If Q is A n for some n, with cyclic orientation, then fd(Q, k) is an abelian finite length subcategory, closed with respect to extensions, within the category of all representations of Q over k. The category of all representations of Q over k is again equivalent to the category of all left modules over kQ, the path algebra of Q over k, which is still an hereditary algebra. Hence, fd(Q, k) is a finite length hereditary abelian category. Number the vertices in Q as 0, 1, ..., n with an arrow from i to i + 1 for i = 0, 1, ..., n − 1 and an arrow from n to 0. This can be expressed by saying that there is an arrow from i to j if n + 1 divides j − 1 − i, and just one loop at 0 if n = 0. We will now describe the simple objects of fd(Q, k).
There are the "discrete" simples S i , one for each vertex i of Q, where at vertex i there is a one dimensional vector space and all morphisms and other spaces are zero.
Next let (V, f ) be a finite dimensional representation of Q over k, such that
is not a monomorphism, where (i + 1) denotes the residue of i + 1 modulo n + 1. Then S i is a subrepresentation and therefore (V, f ) is simple only if it is isomorphic to S i . In the same way, if f i is not an epimorphism, then S (i+1) is a quotient representation of (V, f ), and hence (V, f ) is simple only if (V, f ) is isomorphic to S (i+1) . Hence the other possibilities for simple representations are the representations where all f i are isomorphisms. Then using the n first isomorphisms as identifications, one obtains a k[X]-module, and the lattice of submodules of this k[X]-module is exactly the same as the lattice of subrepresentations of (V, f ). This gives rise to the set of "continuous" simple representations, one for each irreducible monic polynomial in k[X] except the polynomial X. A convenient way of representing such a simple S g , corresponding to an irreducible monic polynomial g = X, is by considering the space of polynomials k [X n+1 ] in X n+1 and letting the vector space at vertex i be the space of polynomials X i k [X n+1 ] modulo the subspace given by the ideal generated by g(X n+1 ) multiplied by X i , and letting all maps be induced by multiplication by X.
The projective representation P 0 corresponding to vertex 0 can also be described by using the space k [X n+1 ]. In vertex i let the space be the space of polynomials
] for i = 0, ..., n and all the maps be multiplication by X. The projective representation corresponding to vertex i is now isomorphic to the subrepresentation of P 0 generated by X i in vertex i. It is then easy to write down projective presentations of the simple representations. They are
for the discrete simple representation S j , and
where the map from P 0 to P 0 is just multiplication with g(X n+1 ) in each vertex for the continuous simple representations corresponding to the monic irreducible polynomial g = X. Observe that the dimension of Hom fd(Q,k) (P i , S g ) as a k-space is the degree of g for all the projective representations P i and each continuous simple representation S g , and that the endomorphism ring of S g is the field extension k[X]/(g). Using these resolutions one obtains the following properties. For the discrete simple representations one has Ext(S i , S j ) = 0 only when n + 1 divides j − 1 − i and if this Ext-group is nonzero, it is one dimensional over k. For each continuous simple representation S g , one obtains Ext(S g , S j ) = 0 for all discrete simple representations S j , and Ext(S g , S h ) = 0 and all continuous simple representations S h except when h = g. For g = h this Ext-group is a one-dimensional space over the endomorphism ring of S g . In the same way one obtains Ext(S j , S g ) = 0 for a monic irreducible polynomial g = X and discrete simple S j . From this one finds that the category fd(Q, k) in this case is the coproduct of finite length uniserial hereditary abelian categories indexed over the monic irreducible polynomials over k. For the irreducible polynomial X there are n + 1 isomorphism classes of simple representations, the discrete simple representations, and for each of the monic irreducible polynomials g = X, there is one simple representation. Hence, one can index the indecomposable modules with ({0, ..., n} ∪ {g|g = X is a monic irreducible polynomial in Assume that the quiver Q contains an oriented cycle A n and an additional arrow α not in A n , ending or starting in a vertex in A n . Let us treat the case in which α ends in a vertex of A n and let p be the starting vertex of α (this may be any vertex of Q, including the vertices in the subquiver A n ). Then it is clear that the discrete simple at vertex p has extensions with all the continuous simple representations of A n , and hence all the continuous simple representations of A n would have to be a composition factor of any representation (W, f ) with a right almost split morphism (W, f ) → S p , which is impossible for (W, f ) in fd (Q, k) . This shows that fd(Q, k) does not have right almost split morphisms.
To prove that fd(Q, k) does not have left almost split morphisms, take an extension (V, f ) of S p with a fixed continuous simple S g on A n which fits in a nonsplit exact sequence 0 → S g → (V, f ) → S p → 0. This representation (V, f ) has extensions (V h , f h ) with all continuous simples S h on A n with the possible exception of S g , such that (V h , f h ) is indecomposable, has Loewy-length equal to 2, with top S p and socle S g S h . From this one deduces that any left almost split morphism f : S g → (W, f ) has to have the property that the simple representation S p as well as each of the continuous simple representations S h is a composition factor of (W, f ) for each monic irreducible polynomial h in k [X] . This contradicts that (W, f ) is in fd(Q, k), and hence shows that fd(Q, k) does not have left almost split morphisms.
We leave to the reader to verify the statement if the additional arrow α starts in a vertex of the subquiver A n .
This finishes the proof of the proposition as well as the proof of the whole theorem.
